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Abstract. We prove that the complement S := R"^ \ 3C of a 3-dimensional convex poly- 
hedron 3C C R'' and its closure S are polynomial images of R"^. We also prove that for 
n > 3 there are bounded convex n-dimensional polyhedra % C R" such that none of 
its projections coincides with none of its sections, that is, for every afhne projection 
TT : R" R" in the direction of a line i onto a hyperplane H C R" the image n{X) 
and the section KCiH do not coincide. This property implies that the former techniques 
developed to represent complements S of unbounded convex polyhedra and their closures 
S as regular images of R" cannot be extended in general to represent such semialgebraic 
sets S and S as polynomial images of R" if n > 4. 

Introduction 

A map / := (/i,...,/^) : M" — t- M™ is a polynomial map if its components fk G 
M[x] = M[xi, . . . ,x„] are polynomials. Analogously, / is a regular map if its components 
can be represented as quotients fk = gu/^k of two polynomials gk,hk G M[x] such that 
hk never vanishes on R". The effective representation, if possible, of a subset S C 
as a polynomial or regular image of M" reduces the study of certain classical problems in 
Real Geometry like optimization or Positivstellensatze results to its study in M", with the 
clear profits that this involves (see [FG2, FU2]). Of course, polynomial representations are 
advantageous to regular representations, mainly in what concerns optimization, because 
they avoid denominators. During the last decade we have approached the problem of 
determining which (semialgebraic) subsets § C M*" are polynomial or regular images of 
(see [Fe, FGl, FG2, FGU, FUl, FU2, Ul, U2, U3] for further details). By Tarski- 
Seidenberg's principle (see [BCR, 1.4]) the image of an either polynomial or regular map 
is a semialgebraic set. As it is well-known a subset S C is semialgebraic when it has 
a description by a finite boolean combination of polynomial equations and inequalities, 
which we will call a semialgebraic description. 

A very distinguished family of semialgebraic sets is the one constituted by those semi- 
algebraic sets whose boundary is piecewise linear, that is, semialgebraic sets which admit 
a semialgebraic description involving just polynomials of degree one. Of course, many of 
them cannot be polynomial or regular images of M", as one easily realizes reviewing the 
known general conditions that must satisfy a semialgebraic set to be either a polynomial 
or regular image of M" (see [FGl, FG2, FUl] for further details); however, it seems natural 
to wonder what happens with convex polyhedra, their interiors (as topological manifolds 
with boundary), their complements and the complements of their interiors. Since the 
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1-dimensional case is completely determined in [Fe] we assume in what follows that the 
dimension is > 2. 

We proved in [FGU] that all n-dimensional convex polyhedra and their interiors are 
regular images of M"'. Since many convex polyhedra are bounded and the images of 
nonconstant polynomial maps are unbounded, the suitable general approach in that case 
was to consider regular maps; concerning the representation of unbounded polygons as 
polynomial images, see [U3]. On the other hand, in [FU2], we prove that the complement 

\ X of a convex polyhedron % C M" which does not disconnect and the complement 
\ Int3<! of its interior are regular images of M". If % is moreover bounded or has 
dimension d < n, then M" \ % and M" \ Int % are in fact polynomial images of M". 

Our purpose here is to show that the former techniques developed in [FU2] still work 
to represent as polynomials images of the semialgebraic sets \ IK and \ Int % if 
3C C is a 3-dimensional unbounded convex polyhedron. In this vein the main result of 
this work is the following: 

Main Theorem. Let DC C M!^ be a 3-dimensional unbounded convex polyhedron which 
does not disconnect M'^. Then M!^\J(. and \ Int3C are polynomial images o/M'^. 

Recall that a convex polyhedron 3C C M" disconnects M" if and only if it is a layer 
(see [FU2, 1.2]), that is, it is affinely equivalent to [—a, a] x W^~^ for some a G M, which 
reduces to a hyperplane if a = 0. These layers are particular cases of degenerated convex 
polyhedra which do not have vertices; we will refer to convex polyhedra which have at 
least one vertex as nondegenerated. 

Proof of the Main Theorem. In view of the proofs of [FU2, Thm. 4.1 (ii) & 6.1 (ii)] 
and [FU2, Rmks 4.3 & 6.3], to prove the Main Theorem it is enough to guarantee that 
given a 3-dimensional convex polyhedron which has at least one vertex there exists a facet 
3" (face of maximal dimension) such that % can be placed in both extreme and strong first 
and second trimming positions with respect to 3". Once this is done the proof of the Main 
Theorem runs very similar to the one in [FU2, Thm. 4.1 (ii) &; 6.1 (ii)], and we leave to 
the reader the precise details. □ 

Let us recall now such definitions, first introduced in [FU2], which we slightly modify 
here in order to clarify our discussion. 

Trimming positions with respect to a facet. Consider in M" the natural fibration 
induced by the projection 7r„ : — )• M", (xi,...,3;„) i— )• (xi, . . . , 0). The fiber 
'K~^{a, 0) of 7r„ is a parallel line to the vector := (0, . . . , 0, 1) for each a G M"^"*^. Given 
an 7T,-dimensional convex polyhedron % C M", the intersection Jq := 7r^^(a, 0) n % can 
be either empty or a closed interval (either bounded or unbounded). Let % C be 
an n-dimensional convex polyhedron and let 3" be one of its facets. Consider the set 
Stjc := {a £ M""^ : Ja / 0, (o,0) Ja}- We say that: 

(1) 3C is in first trimming position with respect to the facet 3" if"^: 

(i) 3" C {xn-i = 0} and % C {x„_i < 0}. 

(ii) For all a G M""^ the interval 3a is bounded. 

(iii) The set Stgc is bounded. 

(2) JC is in second trimming position with respect to the facet 3" if^: 



This definition corresponds to strong and extreme first trimming position in [FU2] 
'This definition corresponds to strong and extreme second trimming position in [FU2] 
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(i) 3'c{xn = 0} and % C {xn < 0}. 

(ii) The set Stgc is bounded. 





X2 


















p 






Xl 


(a) 





Figure 1. (a) and (b) show convex polygons in second trimming position, and 
(c) shows a convex polyhedron in first trimming position. 
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Figure 2. (a) and (b) show convex polygons in second trimming position, and 
(c) shows a convex polyhedron in second trimming position. 
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Remarks. Let JC C be an n-dimensional convex polyhedron and let 3" be one of its 
facets. 

(i) If Sljc is bounded, there is > such that A := UaeSlx '^a C^x x [-N, N], where 
J„ := 7r^i(a, 0) n 3<: (see [FU2, 3.3, 5.2] for further details). 

(ii) Suppose that 3~ C {xn = 0} and JC C {xn < 0}. For each M > denote JCm '■= 
3CU] — M, M["'. Then % is in second trimming position with respect to 3" if and only if 
there exists M > such that 7r„(XA/) = %m H {x„ = 0}. 

The developement of a strategy to place (by means of an affine change of coordinates) an 
unbounded convex polyhedron % C M" in first or second trimming position with respect to 
a facet requires a good understanding of these positions in order to minimize the required 
operations to achieve it. Corollaries 2.4 and 2.5 go in the direction of providing a criterion 
to determine "easily" if a convex polyhedron is in first or second trimming position. Using 
them we get, for the 3-dimensional case, the following fully satisfactory placing results, 
which provide the proof of the Main Theorem. Namely, 

Theorem 1 (3-dimensional polyhedra and first trimming position). Let % C M.^ be a 

3-dimensional unbounded convex polyhedron. Then 

(i) The convex polyhedron % can be placed in first trimming position with respect to 
some of its unbounded facets 3". 

(ii) Moreover, if all the unbounded edges of % are parallel, then % has at least one 
bounded facet and it can be placed in first trimming position with respect to any of 
its bounded facets. 

Remark. From the proof of Theorem 1 we can deduce that, in fact, JC can be placed in 
first trimming position with respect to any facet with nonparallel unbounded edges. 

Theorem 2 (3-dimensional polyhedra and second trimming position). Let 3C C be a 

3-dimensional unbounded convex polyhedron. We have: 

(i) Lf % has facets with nonparallel unbounded edges, then it can be placed in second 
trimming position with respect to any of them. 

(ii) If all the unbounded edges of % are parallel, then JC can be placed in second trim- 
ming position with respect to any of its bounded facets. 

The obsructions to extend the Main Theorem to dimension > 4, using our techniques, 
concentrates on the fact that the following property is exclusive of convex polygons. 

Property. Let % C be an n-dimensional convex polyhedron and let i C be a 
vectorial line; consider the canonical projection tt : R" — )• W^/i. Then there is a hyperplane 
H ofW such that Tr{X) = n^JCnH). 

In Theorem 4.2 we prove that for n > 3 there are n-dimensional bounded convex 
polyhedra % C M" without sectional projections, that is, for each line i and each hyperplane 
H the projection vr : M" — t- M" in the direction of i onto the hyperplane H satisfies 
7r{JC) ^ %r\ H . This allows us to produce examples of n-dimensional unbounded convex 
polyhedra of the type % x [0, +oo) (with % as above) that can be placed neither in first 
trimming position with respect to any of its facets nor in second trimming position with 
respect to any unbounded facet. 

The article is organized as follows. In Section 1 we present the main concepts and tools 
related to convex polyhedra that will be used in the subsequent sections. In Section 2 we 
analyze the sectional projections of a polyhedron and we provide the tools to approach 
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the proofs of Theorems 1 and 2, which are developed in Section 3. FinaUy in Section 
4, we prove Theorem 4.2 concerning the existence of convex polyhedra with no sectional 
projections. 

1. Convex polyhedra 

We begin by introducing some preliminary terminology and notations concerning convex 
polyhedra. For a detailed study of the main properties of convex sets, we refer the reader 
to [Bel, Be2, R]. Along this work, we write M[x] to denote the ring of polynomials 
]R[xi, . . . ,x„]. Given an affine hyperplane H C M" there exists a degree one polynomial 
h G M[x] such that H := {x : h{x) = 0} = {/i = 0}. This polynomial h determines 

two closed half-spaces and H~ , defined by 

H+ := {x G R" : h{x) > 0} = {h > 0} and := {x G R" : h{x) < 0} = {h < 0}. 

In this way, the labels and H~ are assigned in terms of the choice of h (or equivalently, 
in terms of the orientation of H) and it is enough to substitute h hy —h to interchange 
the roles of and . As usual, we denote by h the homogeneous component of h of 
degree one and by H := {v £ M" : h{v) = 0} the direction of H. More generally, we also 
denote by W the direction of any affine subspace W C M". As usual, we write 23„(p, r) 
for the open ball of center p G R" and radius r > 0, and !Bfi(p, r) for the corresponding 
closed ball. The boundary of such a ball is the (n — l)-dimensional sphere S'^~^{p,r) of 
center p G R" and radius r > 0. 

1.1. Generalities on convex polyhedra. A subset % C R" is a convex polyhedron if it 
can be described as the finite intersection % := 01=1 of closed half-spaces H^; we allow 
this family of half-spaces to by empty to describe % = R" as a convex polyhedron. The 
dimension dim(IK) of % is its dimension as a topological manifold with boundary, which 
coincides with its dimension as a semialgebraic subset of R" and with the dimension of 
the smallest affine subspace of R" which contains %. 

1.1.1. Let % C R" be an n-dimensional convex polyhedron. By [Be2, 12.1.5] there exists 
a unique minimal family Sj := {Hi, . . . , Hm} of affine hyper planes of R", which is empty 
just in case % = R"", such that % = OuLiH^; we refer to this family as the minimal 
presentation of %. Of course, we will always assume that we have chosen the linear 
equation hi of each Hi such that JC C H^ . 

The facets or (n — l)-faces of % are the intersections 3~j := Hir]% for 1 < i < m; only 
the convex polyhedron R" has no facets. Each facet 3"j := H~ n fljli is a polyhedron 
contained in Hi. For inductive processes, we will denote %i^x ■= flj^i-f^/; which is a 
convex polyhedron that strictly contains % and satisfies % = %i^x H H^ . 

A convex polyhedron % C R" is a topological manifold, whose interior IntlK is a topo- 
logical manifold without boundary, which coincides with the topological interior of % in 
R" if and only if dim(3C) = n. The boundary of % is dJC = %\ Int %; in particular, if % is 
a singleton, then IntDC = and dX = 0. By [Be2, 12.1.5], dX = Uj=i 3'i, and so 

m mm m 

Int3<; = 3<; \ \J{X nH,) = f] H+ n f|(R" \ Hi) = f|(F+ \ Hi). 

i=l j=l i=l 1=1 

For < j < n — 2, we define inductively the j-faces of X as the facets of the {j + l)-faces 
of X, which are once more convex polyhedra. As usual, the 0-faces are the vertices of X and 
the 1-faces are the edges of X; obviously if X has a vertex, then m> n (see [Be2, 12.1.8-9]). 
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A convex polyhedron of M" is nondegenerated if it has at least one vertex; otherwise, we 
say that the convex polyhedron is degenerate. In general, we denote by £ a generic face of 
X to distinguish it from the facets 3"i, . . . , 3"^ of X; the affine subspace generated by £ is 
denoted by W to be distinguished from the affine hyperplanes Hi, ... , Hm generated by 
the facets 3"i, . . . , 3"m of %. 

1.1.2. Observe that \i H d M" is a hyperplane we have dH'^ = H = dH^ . A supporting 
hyperplane of a convex polyhedron % C is a hyperplane H of M" which intersects 
% and satisfies JC C oi % C H~. As one can check, the intersection of % with a 
supporting hyperplane H is a face of % and conversely, each face of % is the intersection 
of 3C with some supporting hyperplane. In particular, the vertices of a convex polyhedron 
% C are those points p €z % for which there is a (supporting) hyperplane H C M" 
such that % (1 H = {p}. Moreover, the supporting hyperplanes of X coincide with the 
hyperplanes H C such that ^ XDH C dX. All these facts will be used freely along 
this work. 

1.1.3. An important property of a bounded convex polyhedron is that it coincides with 
the convex hull of the set of its vertices, that is, if pi, . . . ,pr are the vertices of X, then 

r r 

X = fiiPi : fii>0, y^fJ-i = l|- 

i=l 1=1 

For a general convex polyhedron, there is a similar characterization which involves also 
the directions of the unbounded edges (see Corollary 1.8). 

A particular type of convex polyhedra are the cones (bounded or unbounded). The 
bounded cone of vertex p and base the bounded convex polyhedron T C M"" is the set 

e := {Ap + (1 - A)g : g G T, < A < 1}. 

On the other hand, given vectors vi,. . . ,Vr G K" we define the (vectorial) cone generated 
by the vectors {vi, . . . ,Vr} as the set S := {Yll=i ^i^i '■ K > 0}; now, the (unbounded) 
cone of vertex p generated by the vectors {vi, . . . , tv} is C := p + S. 

In what follows, given two points p,q £ M" we denote by pq := {Xp + (1 — X)q : < 
A < 1} the (closed) segment connecting p and q. On the other hand, given a point p G 
and a vector v G M", we denote hy pv := {p + Xv : X > 0} the ( closed) half-line of extreme 
p and direction v. Clearly, the boundary of the segment $ := pq is d§> = {p, q} and its 
interior is Int S = § \ {p, g}, while the boundary of the half-line "K := pv is d'K = {p} and 
its interior is Int "K = 'K\ {p} . 

1.1.4. The affine maps are those maps that preserve affine combinations; hence, affine 
maps are polynomial maps that preserve convexity and so they transform convex polyhedra 
onto convex polyhedra. As usual, the linear map (or derivative) associated to an affine 
map / : M" — )• is denoted by / : M" — t- R™. It will be common to use affine bijections 
/ : M" — )■ R", that will be called changes of coordinates, to place a convex polyhedron, or 
more generally a semialgebraic set S, in advantageous positions. As usual we say that S 
and /(§) are affinely equivalent. 

1.2. Recession cone of a convex polyhedron. We can associate to each convex poly- 
hedron its recession cone, that we define next (see also [Z, Ch.l]). 

Definition and Proposition 1.1. Let X C M" be a convex polyhedron. Fix a point 
p G X and consider the set ^{X) := {v £ M.^ : pv C X}. Then ^{X) is a (vectorial) 
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convex cone and it does not depend on the choice of p. The set ^{%) will be called the 
recession cone of %. 

Proof. To prove that €{%) is a convex cone it is enough to check that if u, w G €(%) and 
A,^ > 0, then Xv + E ^(3C); the concrete details are left to the reader. To prove that 
€{%) does not depend on the point p, we verify that the sets 

ip{%) := {iJ G M" : pv C %} and := {iJ G M" : qv C X} 

coincide. In fact, it is enough to check that given v £ €p{X), it holds that qv C X. We 
may assume that q pvUp{—v); otherwise, using the convexity of X the inclusion qv G X 
is clear. 

Indeed, let x £ qv\ {q} and > be such that x — q = fiv. Choose a sequence of 
points {2/fcjfcGN C pv\ {p} such that the sequence {\\yk — p\\}n<=N tends to +oo. For each 
k G N, let pk > be such that Uk — P = PkV = \k{x — q), where Xk '■= Pk/ P' > 0. Note 
that also the sequence {A^ = \\yk — p\\/\\x — q\\}k&i tends to +oo. Since q,yk &X and this 
polyhedron is convex, each segment gy^ is contained in X. Now, since yk = p + Xk{x — q), 
we have 

■■= (t—^)p + (t—^)^ = (t—^)i+ (-r—T-)yk ^WkCX. 



.l + XkJ \l + XkJ \l + XkJ Vl + Afe 
Thus, since X is a closed subset of M", we conclude 

X = lim )x + (- r~^p) — ^™ ^k e X, 

k—>-oo VVl + Afc/ Vl + Afc/ / k—^oo 

as wanted. □ 

Remarks 1.2. Let X C M" be a convex polyhedron and let p €z X. 

(i) i{X) = {0} if and only if X is bounded. 

(ii) The set €p{X) = p + €p{X) is either equal to {p} if X is bounded or the union of all 
the closed half- lines of M" contained in X and whose boundary is {p} if X is unbounded. 

(iii) A straightforward computation shows that if J" C is a nondegenerated convex 
polyhedron and k > 1, then €{M.^ x CP) = M'^ x ^(J'). Since degenerated convex polyhedra 
can be written, after a change of coordinates, as the product of a nondegenerated convex 
polyhedron times an Euclidean space (see [FGU, §2.2]), we only need to study the recession 
cones of nondegenerate convex polyhedra. 

(iv) Given two convex polyhedra Xi C X2, it holds £(IKi) C (t{X2)- 

(v) Moreover, if X := HLi H+ , then i{X) := HLi ^{Ht) = HLi -^i^- Consequently, 
if {Xi, . . . ,Xs} are convex polyhedra with nonempty intersection X := f^j^^Xj, then 

1.3. Facing upwards positions for convex polyhedra. As we have commented in the 
introduction, the proof of the Main Theorem reduces to show that nondegenerated convex 
polyhedra of can be placed in a concrete form. As an initial step to achieve our aim 
we introduce the concept of facing upwards position. 

Definitions 1.3. We say that an unbounded nondegenerated convex polyhedron X C 
is in facing upwards position (or F\J -position) with respect to the (vectorial and oriented) 
hyperplane Ii of M" if there is a hyperplane 11 parallel to 11 which intersects all the un- 
bounded edges of X and such that all the vertices of X belong to the open half-space 



8 



JOSE F. FERNANDO AND CARLOS UENO 



Intn . Such a hyperplane 11 will be called a sawing hyperplane for %. Of course, any 
other hyperplane 11' C (necessarily parallel to H) is also a sawing hyperplane for JC. 

Now, if /i € M[x] is a (homogeneous) degree one polynomial describing 11 and h := + h, 
we say that the FU-position of % with respect to 11 is optimal if the minimum of h\x is 
attained just in one point (which must be a vertex of %); such point is the minimal vertex 
of % (with respect to H). 

Next, we prove that each nondegenerated convex polyhedron can be placed in optimal 
FU-position with respect to the hyperplane 11 := {x„ = 0}. 

Lemma 1.4. Let % C M" be an n- dimensional nondegenerated convex polyhedron. Then 
% can he placed in optimal F\J-position with respect to the hyperplane H := {xn = 0} in 
such a way that % C {x„ > — 1}. 

Proof. Let {Hi, . . . ,Hm} be the minimal presentation of %. Since % is nondegenerated, 
m > n and we may assume after a change of coordinates that fllLi — {0} is a vertex 
of % and = {xi > 0} for 1 < i < n. Consequently, 

3<: C {xi > 0, . . . , x„ > 0} C {xi + • • • + x„ > 0} U {0}. 

Next, we apply to a change of coordinates that transforms the half-space + - • •+x„ > 
0} onto {h := x„ > 0} and keeps fixed the vertex 0. Notice that = h{0) < h[x) for 
X € IK\ {0}. Let us see now that % can be placed in optimal FU-position with respect to 
the hyperplane 11 := {h := x^ = 0}; obviosuly, % C {x„ > — 1}. 

First, we choose a hyperplane 11 := {x„ = M} for some M > such that all the 
vertices of % are contained in Intll". Let now A be an unbounded edge of %. Since % 
is nondegenerated, it cannot contain lines (see [FGl, §2.2]) and so there exist a vertex 
p := (pi, . . . ,pn) S % and a vector v := (t>i, . . . ,t>„) E 't{%) such that A = pv; observe 
that pn < M. Since v G C(3C), the half-hne Ov C % and since 3<C \ {0} C {xn > 0}, we 
have Vn > 0; hence, there exists to > such that pn + toVn = M, that is, p + tov £ ACiH, 
and we are done. □ 

We will see in Remark 2.2 that the intersection of a nondegenerated unbounded convex 
polyhedron in FU-position with respect to a hyperplane 11 and a sawing hyperplane H 
for 3C is a bounded polyhedron 7 := % CiH whose vertices are the intersections with H 
of the unbounded edges of JC. Keeping this in mind we now show a way to construct a 
supporting hyperplane of % so that its intersection with % is an unbounded edge. 

Lemma 1.5. Let JC C M" be a nondegenerated unbounded convex polyhedron in FU- 
position with respect to a hyperplane IT and let H be a sawing hyperplane for %. Let W be 
a supporting hyperplane of the polyhedron T := % nH inH, let p £ W Cil' be a vertex of 
T and let A be the unbounded edge of % such that {p} = ^1 n 11. Then the affine subspace 
H o/M"' generated by W and A is a supporting hyperplane of%. 

Proof. First, iJ is a hyperplane of M" with H CiH = W, because ACiW = {p}, diuiA = 1 
and dim W = n — 2. On the other hand, since A C H 0%, to prove that H is a supporting 
hyperplane of OC, it is enough to prove that H 0% C d%. We write A := Pqu, where pq 
is a vertex of % and u S \ {0}. Observe that A intersects Lit n"*" because pQ,p £ A, 
Po £ Lit n~ and p E 11. We will use freely along the rest of the proof the following 
well-known property of convex sets (see [Bel, 11.2.4]): 
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(1.5.1) Let S C M" be a convex set with nonempty interior and let p G Int(5) and 
q£Cl{S). Thenpq\{q} Clnt{S). 

Suppose by way of contradiction that there is q & H Ci IntOC. Let us check first that 
q G Intll"^. Otherwise, q G IT"; choose a point y G A D Intn+ and observe that the 
segment qy <Z H meets IT at a point b G H different from y. Since q G IntIK, we have 
b Gqy\{y} C Int 3C and so 6 G n n Int % = Int ?; hence, b G H nlnt? = W Hint?, 
which contradicts the fact that W is a supporting hyperplane of 7 in 11. Thus, q G 
Hr\lnt%nlntU+. 

Next, since pu C A, only the (unbounded) faces of % containing A intersect the half-line 
pH. Let £1 > be such that the ball !B„(p, ei) instersects none of the faces of JC that do 
not contain A. Consider now the line i G H that contains A and the projection 

TT : H ^ H nu = w, X ^ (x + f) n n. 

Since n is continuous and tt{p) = p, there is < £2 < ei such that 7r(23n(p, £2)) C 'Bn{p, ei). 
Fix z G 'Bn{p, £2) n {pq \ {p}); we have z G Int JC. We claim that also 'it{z) G Lit JC. 

Indeed, let £' be the line through z parallel to £. Since u G C(3C) \ {0} and % is 
nondegenerated, there is a S 8% such that aH = JCCi i'; in fact, since z G Int JC, we have 
au \ {a} C Int %. Note also that a belongs only to faces of % that do not contain A. 
Otherwise, a belongs to a face £ of 3C containing A, and since u G ^(£), we deduce that 
z G au C £, C d% but this contradicts the fact that z G Int %. Thus, a "Bnip, £1) because 
the ball S„(p, ei) only intersects those faces of % containing A. Since 7r{z) G !B„(p, ei) 
and z G au, we deduce that ■k{z) G au \ {a}; otherwise, iriz) G a{—u) so that a G 'it{z)z C 
23n(p, ei), a contradiction. Thus, ■k{z) G au \ {a} C IntX. 

Now, n CP C dT because is a supporting hyperplane of CP in 11; hence 

tt{z) g tt{h) n Int 3<; c f n n n Int 3<: = 14^ n Int y = 0, 

a contradiction. Thus, H n Int!K = and H is & supporting hyperplane of %. □ 

The following result allows us to understand better nondegenerated unbounded convex 
polyhedra by comparing them with bounded convex polyhedra. This will provide later 
a more intuitive description of the recession cone for nondegenerated unbounded convex 
polyhedra. Along the proofs below we use implicitely the affine chart 

MP" \ {xo = 0} ^ M", (xo : • • • : x^) ^ (xi/xq, . . . , x„/xo). 

Lemma 1.6. Let % C M" C MP" be a nondegenerated unbounded convex polyhedron in 
optimal F\J-position with respect to n := {x„ = 0} that does not intersect the hyperplane 
Hq := {xn = 0}. Denote % := Cl]Rpn(CK) and Xoo '■= Cl]Rpn(CK) H Hoo(M) and consider the 
involutive homography 

(j) : MP" MP", (xo : xi : . . . : x„_i : x„) h-^ (x„ : xi : . . . : x„_i : xq), 

whose restriction to M" is the rational map 

f := 0|Mn : M" M", (xi, . . . , x„) ^ (yi, . . . ,y^) := , . . . , 1.) . 

\ X72 X72 X72 ^ 

Then 

(i) IK = IK U CKoo- 

(ii) %' := C1(/(3C)) = (p{%) C M" = {yo ^ 0} is a (nondegenerated) bounded convex 
polyhedron and one of its faces is £' := (j){Xoo)- 
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(iii) / is regular in %' \ £' and satisfies the equality f{X' \ £') = %. Moreover, the 
restriction map f\x'\£.' X is a biregular homeomorphism and f{lnt%') = 

IntX. 

Proof. Statement (i) is clear because % is closed in R". To prove (ii), we begin by proving 
that </)(3C) = C1(/(3C)) is a bounded convex polyhedron. To that end, it is enough to check 
that (t){X) n Hoo(M) = 0, or equivalently, that 4>{%) C M". 

Otherwise, since JC DUq = 0, there is z := {0 : v) G DCqo H CliRpn(no); observe that 
V := {vi, . . . ,Vn-i,0) £ n. Since JC is in optimal FU-position with respect to {xn = 0}, 
there is a vertex p := (pi , . . . , p„) of % such that Pn < Xn for all x := (xi , . . . , x„) G %\ {p}. 
Let {zk}k C %\{p} be a sequence that converges to z. For each A; > 1, we choose a unitary 
vector and > such that = p + XkUk- Moreover, since the unitary sphere S""-*- 
is compact, we may assume that the sequence {uk}k converges to a unitary vector u; 
moreover lim^-^oo = +oo because z G X^o- Observe that 

Zfc = (1 : Zk) = (^-^ ' J^^^'') 

tends to (0 : u) when k — )■ +oo. Thus, we may assume that u = v = (vi, . . . ,Vn-i,0) 
and z := {0 : u). Let us see now that the half-line pH C %. Indeed, let x G pu; since 
u is unitary, x = p + \\x — p\\u. Let /cq > 1 be such that for each A; > fco it holds that 
Ajfc > \\x — p\\; hence, 

yk=P+\\x- p\\uk G pzk = {p + tuk- 0<t< Ajfc} C X. 

Since X is closed and 

lim yk = P + \\x — p\\u = x 

we deduce that x G 3C. Thus, 

{{pi +tVi, . . . ,Pn-l+tVn-l,Pn) ■ t > 0} = pU C X, 

against the fact that Pn < x„ for all x := (xi, . . . , x„) E X\ {p}. 

Next, since X is unbounded and connected, {y„ = 0} is a supporting hyperplane of 
^(^C); hence, £' := 4>{Xoo) = 4>{X) n = 0} is a face of (p{%). 

(iii) Since 

X'\e' = X'\ {yn = 0} = ClifiX)) \ {yn = 0} = /(X), 

we have X = f{f{X)) = f{X'\ £')• Moreover, f\x'\E' : X' \ ^ X is a biregular 
homeomorphism whose inverse is the restriction map f\x : X — >■ 3C' \ £'. Moreover, since 
/l3C'\e' is a diffeomorfism, it transforms Int3C' = Int(DC' \ £') onto IntX. □ 

1.4. Structure of the recession cone of a nondegenerated convex polyhedron. 

The following result provides a clear description of the structure of the recession cone of 
a nondegenerated unbounded convex polyhedron. 

Proposition 1.7. Let X C C MP" be a nondegenerated unbounded convex polyhedron 
in FV-position with respect to the hyperplane H := {x„ = 0} and which does not intersect 
the hyperplane IXq := {x„ = 0}. Denote X := C1]rp"(IK) and X^o '■= C1kp"(IK) n Hoo(M). 
Consider the involutive homography 

(f) : MP'* MP", (xo : xi : . . . : Xn-i : x„) (xn : Xi : . . . : Xn-i : Xq). 

FixpeX. Then 
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(i) 0(Cp(3C)) U (j){%oo) is the closed cone C<^{p) of base (l){%oo) and vertex (j){p); hence, 
4){<tp{JC)) = C^(p)\(/)(IKoo)- In particular, €p{X) is an unbounded convex polyhedron 
for each p £ X. 

(ii) The projection vr^ : MP*^ \ {p} — )- Hoo(IR) of center {p} and base Hoo(M), defined by 
TTpixQ : x) = {0 : X — pxo), where x := {xi, . . . , Xn) satisfies 

- TTpiCpiX) \ {p}) = %oo, 

- ^pi%) = (ir-^X^) n {xn -Pn> 0}) U M; and 

- 7rp(Int(C:p(5C))) = Int(%oo) and 7rp{ditp{%) \{p}) = dJC^. 

Proof First, let us see that TTp{p + = Xoo for each p £ %. Let v G i{X) \ {0} and 

for A: G N define Zk ■= p + kv £ pv C %. The point g := (0 : € Hoo(lR) is the limit in 
MP" of the sequence {zk}k'-, hence, 

TTp{p + v) = {Q:v) = q£%r\ Hoo(M) = %^ 

and so 7rp(C(3C) \ {p}) C %oo- Conversely, if q := : v) £ %oo-, the segment pq <Z %; 
hence, pv C "X and so -u G €{%) and q = TTpi^p + v) £ ■Kp{€(JC) \ {p}). 

(i) Since (tp{X) = p + ^{X) = Ui;gc(3c) P^^ ^^'^^ 

0(Cp(X))= U (t>{pv)= U HpMO ■■ v) \ {0(0 : v)] = e<^(p) \ <A(3Coo). 

Since S0(p) is a convex polyhedron, because it is the cone of vertex (j){p) and base (/'(^Koo); 
we deduce that tp{%) = (j){Q^(^p-^)\%ao is an unbounded convex polyhedron for each p £%. 

(ii) We have already proved that 7rp(Cp(3C)) = %oo- As a consequence of this and the 
fact that % is in FU-position with respect to {xn = 0}, we deduce that 

<tp{%) C (^p ^(3Coo) n {Xn -Pn> 0}) U M 

To prove the converse inclusion, let v := (tJi, . . . ,Un) S IK" be such that 'Kp{p + v) £ %oo 
and Vn > 0. Thus, there is w := (t(;i, . . . ,Wn) £ €{X)\{0} such that 7rp{p+w) = TTp{p+v), 
that is, there is A 7^ such that v = Xw. Since €(%) C {x„ > 0}, we have Wn > and so, 
A > 0; hence, v £ 

It only remains to prove that 7rp(Int(£p(3C))) = Int(IKoo) and 7rp(5Cp(IK) \ {p}) = d%oo- 
Since 7rp(Cp(IK) \ {p}) = DCqo, it is enough to check that 7rp(Int(Cp(IK))) C Int(3Coo) and 
7rp(9Cp(3C) \ {p}) C d^oo- We leave the concrete details to the reader. □ 

As a consequence of the previous result, it is not difficult to generalize, for nondegener- 
ated unbounded convex polyhedra, the fact that a bounded convex polyhedron coincides 
with the convex hull of the set of its vertices, see §1.1.3. We leave the concrete details of 
the proof to the reader (see also [Z, Ch.l]). 

Corollary 1.8. Let % C M" be a nondegenerated unbounded convex polyhedron, let QJ : = 
{pi, . . . ,pr} be the collection of its vertices, let Ai, . . . ,As be its unbounded edges and for 
each of them let Vj £ C(IK) \ {0} be such that Aj is parallel to vj. Then 

(i) % = {Yll=i IJ-iPi + Ej=i ^jVj ■■ Xj,f^i > 0, Yll=i Mi = 1} 

(ii) i{X) = {Zj=i ^J^j ■ Ai, . . . , A, > 0}. 

(iii) X = Xq + €(X) where Xq := {J2l=i l^iPi '■ Z]I=i M? = l;Mi ^ 0} is a bounded 
convex polyhedron. 
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Next, we show that if the recession cone of a convex polyhedron % C M" has 

maximal dimension, then any line parallel to a vector of Int£(IK) intersects IntIK in a 
half-line. 

Lemma 1.9. Let % C R" be an n- dimensional unbounded convex polyhedron such that 
dim(£(%)) = n and let v E Int Then: 

(i) For each p G R" the intersection pv (1% is a half-line piv C %. 

(ii) If % is nondegenerated and it is in F\J-position with respect to a hyperplane 11 
and 5 C is a finite set, there is a hyperplane H' parallel to 11 such that the 
intersection H (3C n H') is a singleton for each p €z ^. 

Proof, (i) If p G %, the intersection pv 0% = pv is a half-line and there is nothing to 
be proved; hence, assume that p ^ JC. If n = 1, the polyhedron % is a half-line and 
the statement holds. Suppose first that n > 2 and p G \ X; we argue by way of 
contradiction. Since n > 2 there is a point y G JC not belonging to the line i generated 
by the points p and p + v. Since v G we have yv d % and, since y ^ there is a 

unique plane vr C M" through the points y, p and p + v. 

Since v G Int(£(3C)), there is e > such that the vector w := v + £{p — y) £ 
hence, yw C JC. Observe that the half-lines yw and pv meet at the point 

1^1^ 1 ^ 

z := p -\ — V = y -\ — {v + e{p — y)) = y -\ — w G %. 

Since v G the half-line zv <Z% and so the convex set pv H % contains the half-line 

zv] hence, it is also a half-line. 

(ii) Write Yl := {h = 0} and let H := {h = 0} be a parallel hyperplane to 11 that meet 
all the unbounded edges yii, . . . ,^1^ of % and such all the vertices of % are contained 
in Intn~. Write Ai := qiVi where qi is a vertex of %, the vector Vi G and bi := 

Qi + Vi G n for i = 1, . . . ,s. Since = h{bi) = h{q.i) + h{vi) and h{q.i) < 0, we deduce 
that h{vi) = —h{qi) > 0. By Corollary 1.8, there are Aj > not all zero such that 
V = X]i=i ^i^i'^ hence, 

s s 

h{v) = h(y" XiV,) = V Xih{vi) > 0. 



' i=l i=l 

By statement (i), for each p € ^ there is a point p' € % such that pv (1% = p'v. We 
choose n' = {h' = 0} parallel to II such that p' G Intll'" for each p G 5^. We claim that 
pvn{Xn W) / for each p £d- 

Indeed, since h' = h, we have h'{v) > 0. Fix p G 5^; since h'{p') < 0, there is t > such 
that h'{p' + tv) = and so p' + tv £ p'v n II' = pv Ci {% Ci II'). Moreover, since p'v is a 
half-line and p' II', the intersection pvr]{'Xr] II') is a singleton. □ 

2. On SECTIONS AND PROJECTIONS OF CONVEX POLYHEDRA 

The purpose of this section is to understand how are the generic sections of a nonde- 
generated unbounded convex polyhedron and to decide when the projection of a convex 
polyhedron coincides off a compact set with one of its sections. 

Lemma 2.1. Let % C M" be an n- dimensional nondegenerated unbounded convex poly- 
hedron and let II := {h = 0} be an (oriented vectorial) hyperplane. Let Ai, . . . ,As be 
the unbounded edges of %, ordered in such a way that the first k (where < k < s) are 



COMPLEMENTS OF CONVEX POLYHEDRA AS POLYNOMIAL IMAGES OF 



13 



nonparallel to H and the remaining s — k are parallel to 11; for each i = 1, . . . , s write 
Ai := QiVi where qi is a vertex of% and vi G for i = 1, . . . , s. Let Ti he a hyperplane 

parallel to H that meets Ai, . . . ,Ak and such all the vertices ofJC and the unbounded edges 
Ak+i, . . . ,As are contained in Intll". Moreover, let 11' C 11+ be a hyperplane parallel to 
n, let := {Hi, . . . , Hm} be the minimal presentation of%, and let S^i := {-ffj^, . . . , Hi^} 
be the collection of hyperplanes in Sj containing any of the edges Ai, . . . ,Ak- Then we 
have: 

(i) The intersection Ai H'^ is a half-line whose boundary is Ai H' for i = 1, . . . ,k. 

(ii) The polyhedron y' := % D H' ^ if and only if k > 1. 

(iii) /f y 7^ 0, then !P' is a convex polyhedron whose vertices are the intersections of 
n' with the unbounded edges of X ( nonparallel to II) and whose recession cone is 
^(3") = {E,U+iA,iT,: A, >0}. 

(iv) The recession cone €(JC CiU'^) = C := {J2j=k+i ''^j'^j • '^j — '^'^^ edges 
Ak+i, ■ ■ ■ ,As, together with all the bounded faces of%, are contained in 3CnIntn'~. 

(v) The hyperplane Ii' meets all the unbounded faces ofJC that contain one of the edges 
Ai, . . . ,Ak and just these faces. 

(vi) If y ^ 0, the minimal presentation of J" in 11' is {Hi^ D II', . . . ,Hi^ D 11'}. In 
particular, the facets of J" are Hi^ D J" for i = 1, . . . ,t, 

(vii) // y ^ 0, then 3C n n'+ = 0" + i{X) = T' + ^jVj ■■ Aj > 0}. 

Proof, (i) By hypothesis the vertex qj G Int n~, that is, h{qj) < and since HCiAj / 0, 
we deduce that h{vi) > 0, and so Aj D H'^ is a half-hne, whose boundary is 11' n Aj. 

(ii) If A; > 1, then ?' := X nW D Ai nW ^ 0. Conversely, if A; = 0, denote pi,...,pr 
the vertices of X. By CoroUary 1.8, we have 

r s r 

3C = I ^ fiiPi + ^ XjVj : fii, Xj > 0, y^/ii = l| 

i=l j=l i=l 

and this last set is contained in Intll'" because pi, . . . ,pr S Int 11'^ and the edges Aj := 
qjVj C Int for j = 1, . . . , s. Thus, 0" = DC n H' = 0. 

(iii) and (iv) Assume that 7' is nonempty; in particular, it is a convex polyhedron. Let 
J? be a vertex of J"; notice that p G dX. Choose the face £ of IK of least dimension between 
those containing p; then, p G Int£. Since all the vertices of X are contained in Intll" 
and n' C n+, we deduce that the dimension of £ is > 1. Let W be the affine subspace 
generated by £ and let e > be such that 'Bn{p, e) CiW C 8,. Since 11' is a hyperplane we 
deduce that dim W -1< dim{W D W) < dim W. Since 'Bn{p,e) CiW C 

'Bn{p, e) n n n' c £ n n' = £ n T' c T'; 

hence, since p is a vertex of J" we have H 11' = {p} (because otherwise we would have a 
face of y crossing the vertex), and so < diniVF — 1 < dim(iy n 11') = 0. Thus, £ := Aj 
is an (unbounded) edge of X that meets II' in a unique point. This means that Aj is 
nonparallel to II. 

Conversely, if Aj is an unbounded edge of X nonparallel to II, then the intersection 
Aj n n' = {p}. On the other hand, let H he a, supporting hyperplane of X such that 
X D H = Aj. Thus, the intersection 7' Ci H = Aj Dll = {p} and p is a vertex of !P'. This 
completes the part concerning the determination of the vertices of 5". 
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Observe now that if £ is a bounded face of %, then £ coincides with the convex hull of 
its vertices, which are also vertices of %, and they are contained in the open half-space 
Intn~ C Intn'~; hence, £ C n'~. Moreover, by hipothesis Aj C 11'^ for j = k + 1, . . . , s. 

To end the proof of statements (iii) and (iv) it only remains to prove the equalities 

s 

iC?') = i{% n n'") = e := { ^ XjVj Xj > o}. 

j=k+i 

Indeed, let h := h + a £ M[x] be a degree one equation of 11, such that 11+ = {h > 0}; in 
particular H' = {h' := h + b = 0} for some 6 > 0. Using (i), one sees that 

r/^^^>0 para i = 1, . . . , A;, 

I = U para z = fc + 1, . . . , s. 

Letv£ iiXnn'"); then iJ G C(3<;)\{0} and there is p G XnU'~ such that pv C XnU'~; 
hence h{v) < 0. By Corollary 1.8, = {J2j=i ^j^j ■ ^0}- particular, there are 

Qj > such that v = X]j=i Qj^j- Thus, since Vj G n and h{v'j) = for j = A; + 1, . . . , s, we 
deduce that 

s s k 

> h{v) = h[Y.^,v,) =Y^Qh{vj) = Y,Cjh{vj)- 

j=i j=i j=i 

But h{vj) > for J = 1, . . . , /c and each > 0; hence, fij = for j = 1, . . . , /c, and this 
means that v £ C Thus, 

i{% n n'") c e c i{X) n n = i{x n n') = ic?') c i{x n n'~), 

and so the desired equalities are true. Observe that if CP' = 0, one proceeds analogously, 
using that 

e c €{%) n i{u'') = i{x n n'"). 

(v) Let £ be a face of JC. If £ is bounded, we have already seen that £ C Int n'~ and so 
it does not intersect 11'. Thus, assume that £ is unbounded; since % is nondegenerated, 
then £ is nondegenerated (because otherwise it would contain a line and this would imply 
that JC is degenerate, see [FGU, §2.2] for further details) and in particular £ has some 
unbounded edges, which are also (unbounded) edges of %. If any of the previous edges 
is .Aj for z = 1, . . . , k, then £ n 11' D /Ij n 11' / 0. Suppose now that all the unbounded 
edges of £ are between A^+i, . . . ,As and let pi, ... ,pr he the vertices of %. Obviously, the 
vertices of £ constitute a subset of the vertices of JC. Then, by Corollary 1.8 we deduce 

r s r 

£ C I '^HiPi + ^ XjVj : fii,Xj > 0, = l| c Intn'", 

i=l j=k+l i=l 

because pi, . . . ,pr G Int 11'^ and Vk+i, ■ ■ ■ ,Vs G II. Thus, £ n 11' = 0. 

(vi) First, we claim that the hyperplane 11' meets the interior of %. Otherwise ^ 
7' C 8% and we deduce that 11' is a supporting hyperplane of X. Thus, 7' is a face of 
%; moreover, by (iii) above, £(J") = {J2j=k+i '^j^j ■ ■^i — ^i- ^^^^ against the 
fact that n' only meets the faces of % that contain one of the edges ^li, . . . ,Ak. Thus, 11' 
meets the interior of % and so, the dimension of J" is n — 1. 

Moreover, by [Be2, 12.1.7] the facets of CP' are those intersections of facets of % with 
n' that have dimension n — 2. Recall that the facets 3" of 3C which do not contain one 
of the edges Ai, . . . ,Ak do not meet 11'; hence, these facets of JC do not provide facets of 
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y . On the other hand, let us see that for each i = 1, . . . ,t the intersection of 11' with 
3"j^ := Hi^ n % has dimension n — 2. To that end, it is enough to prove that H' meets the 
interior of . Otherwise, S^i^ n H' C d3'i^ C dX and since H' meets and only meets the 
faces of % that contain one of the edges Ai, . . . , Ak, we deduce that 3"^^ n 11' is a face of % 
(and so of 3"j^) that contains one of the edges Ai, . . . ,Ak- But this is impossible because 

O'i^nn' cxnW = r and i{r) = {J2j=k+i ^j^j ■ ^ o}- ^hus. Hi, n y = n n' 

has dimension n — 2 and it is a facet of CP' for I = 1, . . . , t. 

Let us see that if j / £, then the facets Hi^ n T' and Hi,, n CP' are different. Otherwise, 
the intersection i?,^ n CP' = Hi^ n Hi,, n CP' has dimension n — 2 and is contained in the affine 
subspace Hi, n Hi,,, which also has dimension n — 2. In this way, Hi, n CP' C 11' generates 
Hi, n Hi,, and so Hi, n Hi,, C 11'. Since 11' only meets the faces of % that contain one 
of the edges Ai, . . . ,^1^, we deduce that Hi, n Hi,, n % contains one of those edges. But 
since 

H„ n Hi,, n% = H^,n Hi,, n 0" 

is a facet of CP' and £(CP') = {Ylj=k+i ^j^j • — 0}) we arrive at a contradiction. Thus, 
the (different) facets of CP' are Hi, n CP' for ^ = 1, . . . , t. Moreover, since 3'i, generates the 
affine subspace Hi,rill', we deduce that {Hi-^ nil', ... , Hi^CiH'} is the minimal presentation 
of the convex polyhedron CP' in II'. 

(vii) If CP' 7^ 0, the vertices of the nondegenerated convex polyhedron % D H'^ are 
the intersections of 11' with the edges ^li, . . . ,Ak of % (see (iii)). Thus, the convex hull 
of the set constituted by those vertices is contained in CP' and by Corollary 1.8 (iii), 

n n'+ = CP' + i{X n n'+). Moreover, by equation (2.1) and Corollary 1.8, we deduce 

s 

= { ^ XjVj : Xj > o} c i{x n n'+) c 

Moreover, since C(CP') = {X]j=fc+i ^j^j '■ ^ 0} deduce that 

3C n n'+ = CP' + iix n n'+) = cp' + 

k k 

= y' + i{'J") + {^x,vj: x,>o} = y + {^x,vr- A, >o} 

and we are done. □ 

Remark 2.2. If /c = s in the previous Lemma 2.1, then % is in FU-position with respect 
to n and it holds: 

(i) The intersection Ai H'^ is a half-line whose boundary is Ai D 11' for i = 1, . . . , s. 

(ii) The convex polyhedron CP' := CK n 11' 7^ is bounded and its vertices are the 
intersections of 11' with the unbounded edges of JC, 

(iii) The polyhedron X. n n'~ is bounded and all the bounded faces of % are contained 
in DCnIntn'". 

(iv) n' meet all the unbounded faces of % and just these faces. 

(v) The minimal presentation of CP' is {Hi^ nil', . . . , i^^^ nil'}. In particular, the facets 
of T' are Hi^ n CP' for j = 1, . . . , r, 

(vi) 3cnn'+ = r + 



The following result concerning projections of convex polyhedra is the clue to charac- 
terize when convex polyhedra can be placed in first or second trimming position. Recall 
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that 

7r„ :M"^M"-i x {0}, x := ^ (x',0) := (xi, . . . , 0) 

and we denote by In the vectorial line generated by the vector := (0, . . . , 0, 1). 

Proposition 2.3 (Projections of convex polyhedra). Let % C M" he a nondegenerated 
unbounded convex polyhedron. Then the set 

A := {a G M"-^ : 3a ■= vr~^(a, O)n%^0, (a, 0) ^ 

is bounded if and only if the following statements hold: 

(i) The projection 7fn(£(3<;)) = H {xn = 0}. 

(ii) There is an oriented hyperplane H C M" parallel to such that: it meets all the 
unbounded edges of % which are nonparallel to in, all the vertices of % and all 
the unbounded edges of % parallel to in are contained in IntH" and 7r„(3C n H) = 

i'Xnu)n{xn = 0}. 

Proof. Denote hy pi, ... ,pr the vertices of X and by yii, . . . ,^1^ the unbounded edges of 
%, ordered in such a way that the first k (where < k < s) are nonparallel to in and the 
remaining s — k are parallel to in', for each z = 1, . . . , s we write Ai := qiVi where qi is a 
vertex of % and Vi G €{%) for i = 1, . . . , s. 

Assume first that A is bounded. We begin proving (i), that is, 7f„(C(3<^)) = (i(3C)n{x„ = 
0}. Write H := {x„ = 0} and let us see that if v := {vi, . . . , Vn) G then 

^n{v) =w:= {vi,...,Vn-l,Q) G H . 

Indeed, if -u G ^n, then T^n{v) = G C(3<!) Pi H\ hence, assume that v ^ in- Let p £ %; 
since v G '^{%), then the half-line pv C %. Since v in, then w £ H \ {0}. Since the 
set A is bounded and Tin{pv) = iTn{p)w is a half-line, there is a point q £ pv such that the 
half-line iTniqv) = Trn{q)w does not meet A x {0} C H. Since for each t > the point 
q + tv £ %r\ '?r~^(7r„(g) -|- tw) and '/r„(g) -|- A x {0}, we deduce that the half-line 
iTn{q)w C %; hence w £ C(3C) n H. Thus, 

r\H = ^iiX) r\H)c ^iix)) c n H, 

that is, TTni^iOC)) = (t(JC) n {xn = 0}. To show (ii) we distinguish two cases: 

Case 1. If A: = 0, all the edges Ai, . . . ,As are parallel to the line in- Then % is in 
FU-position with respect to the (vectorial) hyperplane {x„ = 0} suitably oriented and by 
Remark 2.2 the projection 7r„(3C) is a bounded convex polyhedron. Thus, we can choose 
a hyperplane II parallel to the line in such that % C Int n~ ; now it is straightforward to 
show that n enjoys all the required conditions. 

Case 2. If A; > 0, consider the cone <t := {0} + (t{'K) which by Lemma 1.7 is a nondegen- 
erated convex polyhedron whose unique vertex is 0. We claim that '7r„(C) = C H {x„ = 0} 
is also a nondegenerated convex polyhedron whose unique vertex is the origin. 

Indeed, by Corollary 1.8, €{X) = {J2i=i ^i^i '■ ^ 0}- Thus, if we denote iSi = Trn{vi), 
we have 

s k 

7r„(e:) = + I ^ A.iZJi : Ai > o} = + I ^ AiuJi : A^ > o}, 

1=1 i=l 

which is a convex polyhedron that it is either degenerate or its unique vertex is the origin. 
Let us see that is a vertex of 7r„(C). Indeed, let £^ be a supporting hyperplane of C 
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such that -E n C = {0}. Since 7r„(C) 7^ {0} by (i), we deduce that E ^ {xn = 0} and 
E n {xn = 0} 7^ 0. Thus, W := E n {x„ = 0} is a hyperplane of {x„ = 0} that meets 
7r„(C) = (tn {xn = 0} just in the point 0; hence, is a vertex of C n {xn = 0} = 7r„(C). 

Next, let Ho := + (W + £n) and let /iq G 1R[x] be a degree one polynomial such 
that Ho = {/iQ = 0}; observe that Ho is a supporting hyperplane of 7r„(C) such that 
Ho n 7r„(C) = {0}. Moreover, Wi for each z = 1, . . . , /c, because the edges ^li, . . . ,Ak 
of % are nonparallel to the line in. Since Ho is a supporting hyperplane for 7r„((i) and 
Ho n 7r„(C) = {0}, we may assume that hQ{wi) > for i = 1, . . . ,k. Write Vi = Wi + tje„ 
for some ti £ M; since /lo(en) = 0, we deduce that 

ho{vl) = ho{wi + tiin) = ho{wi) + tiho{en) = ho{wi) > 

Let M > be such that the ball !B„(0,M) contains all the bounded faces of % and 
the set A x {0}. Let H be a hyperplane parallel to Hq of equation h = ho + p such 
that 23„(0,M) C {h < 0}; in particular, the vertices pi which are the boundaries of the 
unbounded edges of %, satisfy h{pi) < 0. Nevertheless, h{vi) = ho{vi) > 0, and so H meets 
the edges ^li, . . . ,Ak- Note that since C 11, then 

7T-\A X {0}) C 7T~\7Tn{'Bn{0,M))) C < 0})) = {h < 0} 

and so, 7r„(2;) G XnUf] {x„ = 0}, for each 2;G3<;n{/i = 0} = 3<:nn because XCiUn 
7r-i(A X {0}) = 0. Thus, we conclude that 7r„(3<: n U) = {X n U) D {x„ = 0}. 

Assume now that statements (i) and (ii) hold. We distinguish two cases to prove that 
A is bounded: 

Case 1. If3Cnn = 0, o equivalently, all the unbounded edges of X are parallel to the line 
in- Then X is in FU-position with respect to the (vectorial) hyperplane {x„ = 0} suitably 
oriented and by Remark 2.2 the projection iTniX) is a bounded convex polyhedron. Thus, 
A X {0} C iTn{X) is a bounded set. 

Case 2. If 3<: n n / 0, by Lemma 2.1, we have XnU+ = (XnU) + i{X), 

s 

i{xnu') = [ ^jVj ■■ Aj > o} 
i=fc+i 

and all the vertices of X and the unbounded edges Ak-\-i , . . . ,As are contained in 3CnInt H" . 
We observe that the vertices of XnH^ correspond to the vertices of X and the intersections 
of the edges ^li, . . . ,Ak with the hyperplane H. Denote {yj} = ^1^ n H for j = 1, . . . , k. 
By Corollary 1.8, it holds that XCiU- = Xo + ^iX D U') where Xq is the convex huh of 
the set {pi, . . . ,pr, yi, . . . , yk} that it is in particular a bounded convex polyhedron. Since 
T^n{vj) = for J = /c + 1, . . . , s, we have 

7r„(x n n-) = 7r„(D<:o + i{x n n-)) = 7r„(Xo) + ^n{^{x n n-)) = ^n(3Co), 

which is a bounded set. Thus, if we prove that 7r„(DC n n+) = Xr\ n+ n {xn = 0}, we 
conclude that A x {0} C 7r„(3Co) is bounded. Indeed, by hypothesis it holds 

^n{% n n+) = ^n{{% n n) + l{x)) = 7r„(3C n n) + 7r„(c(3C)) 

= (X n n n {x„ = o}) + {i{x) n {xn = o}) 

= {{X n n) + l{x)) n {xn = 0} = % n n+ n {x„ = o}, 

and we are done. □ 
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Corollary 2.4 (First trimming position). Let % C he a nondegenerated unbounded 
convex polyhedron and let 3" be one of its facets. Then % is in first trimming position with 
respect to 3" if and only if 

(i) J C {xn-i = 0} and X C {xn-i < 0}, 

(ii) 7fn(C(3C)) = n {Xn = 0}, 

(iii) There is a hyperplane 11 C such that: its direction 11 contains the line £fi 
generated by Cn, H meets all the unbounded edges of %, the vertices of % are 
contained in Int IT" and 7r„,(X Pi IT) = 3C Pi 11 n {x„ = 0}. 

Proof. We prove first the "only if" implication. The inclusions 3" C {x^-i = 0} and 
% C {xn-i < 0} are straightforward consequences of the fact that % is in first trimming 
position with respecto to the facet 3"; in particular, %x '■= {a ^ M"~"^ : Ja / 0, (a, 0) Ja} 
is bounded. By Proposition 2.3, also the two remaining conditions of statement (ii) hold. 

Conversely, we have that Sljc := {a G M"^-'^ : ^ 0, (a,0) Ja} is, by Proposition 
2.3, bounded, 3" C = 0} and X C < 0}. Moreover, by Remark 2.2 all the 

intersections 7r~^(a, 0) n 3C C ((a, 0) + II) n X are bounded. Thus, % is in first trimming 
position with respect to its facet 3". □ 

Corollary 2.5 (Second trimming position). Let % C M" be a nondegenerated unbounded 
convex polyhedron and let 3" be one of its facets. Then % is in second trimming position 
with respect to 3" if and only if 

(i) 3" C {x„ = 0} and % C {x„, < 0}, 

(ii) 7f„(C(3C)) = iiX) n {Xn = 0}, 

(iii) There is a hyperplane II C M" such that: its direction II contains the line £n 
generated by Cn, II meets all the unbounded edges of% nonparallel to in, the vertices 
of% are contained in the open half-space Int 11^ and 7r„ (IK nil) = 3<Cnnn{x„ = 0}. 

Proof. We begin with the "only if" implication. It is clear that 3" C {x„ = 0} and 
X C {x„ < 0}; moreover ■= {a G 1^""^ : / 0, (a, 0) Ja} is bounded. By 
Proposition 2.3, the remaning conditions hold. 

Conversely, we have that := {a G R"'"^ : / 0, (a, 0) 3a] is bounded, 
3" C {xn < 0} and % C {x^ < 0}. Besides, since % C {x^ = 0}, all the intersections 
7r^^(a, 0)nX C ((a, 0) + n) n 3C are upperly bounded. Therefore, % is in second trimming 
position with respect to its facet 3'. □ 

3. Placing in trimming positions 

3.1. First trimming position. The purpose of the first part of this section is to prove 
Theorem 1. For the sake of clearness, we divide the proof of Theorem 1 into two parts. 

Proof of Theorem I (i). By Lemma 1.4, we may assume that % is in FU-position with 
respect to the hyperplane II = {xn = 0}. The proof runs in several steps (see Figure 3): 

Step 1. We begin by choosing the facet 3" of the statement. Denote % := Cl]gp3(X) and 
%oo '■= Cl]Rp3(3C) n Hoo(M); clearly, % = %\J %oo- Consider the involutive homography 

(j) : RP^ {xo : xi : X2 : X3) ^ {xs : xi : X2 : xq) = {yo : yi : y2 ■ ys)- 

By Lemma 1.6, the convex polyhedron %' := 0(3C) C = {yo 7^ 0} is bounded and one 
of its faces is £' := 4>{%oo), which needs not to be a facet. Now we distinguish: 
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Case 1. If £' has dimension or 1, we choose an unbounded facet H of % such that 
£' c C1((/.(J)). 

Case 2. If £' has dimension 2 (that is, £' is a facet of we choose an unbounded 

facet S'oiX such that dim(Cl(0(3")) n £') = 1. 

Step 2. Denote by H the plane generated by the facet 3" and let ^ be the (finite) set 
constituted by the intersections of H with the unbounded edges of JC which are nonparallel 
to H. Since % is in FU-position with respect to 11 we may choose an oriented plane 11 
parallel to 11 that meets all the unbounded edges and such that all the vertices of % are 
contained in the half-space n~. Moreover, if dim(£') = 2, then the dimension of JCoo is 
2, that of C1kp3(3") n 3<!oo is 1 and, by Lemma 1.7, the dimension of €{3') is 2. Since 
% is in FU-position with respect to 11, then is in FU-position with respect to 11 n 
inside H. Fix w £ Int(C(3")) and, by Lemma 1.9 (ii), we may assume that the intersection 
pw n (3" n n) = pw n (H n X n n) is a singleton for each p G ^. 

Step 3. Denote IP := 3Cnn and £ the intersection IJnll = H D'P. Consider the quotient 
map p : n — )• H/^HDH), x i— )• x + ^HDH) which is continuous with respect to the quotient 
topology of n/(ff n n). since IP C 11 is compact and Il/{H n 11) is homeomorphic to M 
with the usual topology, p( T) = [a, b] is a closed bounded interval (nontrivial because "? 
has dimension 2). Also := H Dll is a supporting line of IP in 11, because it contains one 
of its edges, and we may assume that p~^(a)nIP = HnT C Aq. Observe that A;, := p~^{b), 
which is a line contained in 11 parallel to H 11, is a supporting line of IP in 11; hence, 
Afc n IP is a face of IP, that is, an edge or a vertex. Since IP is a bounded polygon, there is 
a vertex po £ AhD IP; by Remark 2.2 we know that {po} is the intersection of 11 with an 
unbounded edge yi of IK. 

Let Hq be the plane of that contains A^ and the edge A. By Lemma 1.5, we have 
that Hq is a supporting plane of %. 

Step 4. Let i be the line generated by A; we are going to construct a plane W that 
contains i and such that W Ci H Ci X = W (1 3^ is a half-line. We analyze two possible 
situations: 

Case 1 . If the line £ is parallel to the plane H, we choose a plane W of that contains 
i and meets Int 3"nnC-ffnIPina point q. 

Case 2. If the line i is nonparallel to H, then it meets H in a singleton, say iCiH = {qo}; 
besides, 

c1kp3(^) n c1kp3(f) n Hoo(m) = =^ 01^3(^1) n c1kp3(J) nXoo = 

and so, the dimension of %oo is 2. Recall now the vector w fixed in Step 2; by our choice 
of 3" and 11 (see Steps 1 and 2) the intersection 

qow n{3'nu) = qown{Hnxnu) 

is a point q. The line through qo that is parallel to w is coplanar to i; denote by W the 
plane of that contains both lines. 

Step 5. Let vr : R'^ — t- be the projection onto W in the direction of ^ n H. Observe 
that in both cases, since po £ A^, (1 H, q £ Aa Ci H, and these lines are parallel to the line 
H nU, the hue W DU (through the points po and q) satisfies tt{% DU) = {% DU) DW . 
Moreover, we also have that 7f(£(3<:)) = n W. 
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Figure 3. First trimming position for unbounded convex polyhedra. 

Indeed, let us write := {/iq = 0}, H := {h = 0}, where h,ho G M[x] are degree one 
polynomials, and Hq := {ho > 0}, := {h > 0}. Since % C Hq n H^, we have 

i{X) C i{H+ n = ^i^" n H+. 

Next, we set yi := qiWi and n if Pi IK := q2W2, where qi,q2 £ 3^ and wi,W2 G 
\ {0}. We distinguish now two cases: 
Case 1. If wi and W2 are linearly dependent, then Hq and H are planes parallel to 
H+r\H+ = H. Therefore, 

{Xwi : A > 0} C CHnW = {^iwi : /x G M}, 

and since X is nondegenerated 7r{^{X)) = {Xwi : A > 0} = i(X) n W. 
Case 2. If wi and ttJ2 are linearly independent, 

^0+ n i?+ n H> = {AitUi + X2W2 : Ai, A2 > 0} = n W. 

Thus, 

c n # = ^{i{x) r\W)c n{i{x)) c r\H+ nw = i{x) n w, 

that is, = i{X) n H>. 

Step 6. After a change of coordinates that transforms in {x2 < 0}, in {xs = 0} 
and the line H CiH onto the line {xi = X2 = 0}, we conclude, by Proposition 2.4, that the 
convex polyhedron X is in first trimming position respect to the facet 3". □ 



Next, we prove the second part of Theorem 1. 



COMPLEMENTS OF CONVEX POLYHEDRA AS POLYNOMIAL IMAGES OF 21 

Proof of Theorem 1 (ii). Let us see first that % has a bounded facet. We may assume that 
the unbounded edges of % are parallel to the vector 63. Let A be an unbounded edge of 
% and let p G OA. Let 3" be a facet of % nonparallel to 63 such that p S 3". It holds 
that ^(3") C = {Ae3 : A > 0} and since 3" is nonparallel to 63, we deduce that 

£(3") = {0}; hence, 3" is bounded. 

Fix a bounded facet 3'o of IK and let C be the plane generated by 3~o. Since the 
unbounded edges of JC are parallel, €{JC) = {Xv : A > 0} where iT G is a directional 
vector of the unbounded edges of %; let £ be the line generated by v. Since 3"o is a bounded 
facet and %nH = 3"o, then H Cii = {0}; hence, a line parallel to i and a plane parallel to 
H meet in a singleton. Let now H be a plane parallel to H that meets all the unbounded 
edges of % and such that all the bounded faces of JC are contained in Int n~ . We deduce 
from Remark 2.2 that J" := 3C n H is a bounded convex polygon, JC n n~ is a bounded 
convex polyhedron and moreover % n n+ = J" + = T + {Xv : A > 0}; hence, % n n+ 
is affinely equivalent to J" x [0, +00 [. After a change of coordinates, we may assume that: 

• H is the plane {x2 = 0} and JC C {x2 < 0}, 

• n is the plane {x2 = —1} and vr3(CP) = J" n {3;3 = 0} (recall here the projection 
property of convex polygons described in the Introduction), 

• v = -62 and so = {-Xe2 : A > 0} C {2:3 = 0}. 

Since tts{C{'X)) = ^{'X)r]{x3 = 0}, we deduce from Lemma 2.4 that % is in first trimming 
position with respect to the facet 3"o- D 



3.2. Second trimming position. Our purpose now is to prove Theorem 2. 

Proof of Theorem 2. (i) After a change of coordinates we may assume that % C {x^ < 0} 
and % n {x3 = 0} = 3". Observe that 3" is an unbounded convex polygon and so it has 
exactly two unbounded edges Ai and A2 which are nonparallel because dimC(3~) = 2. Let 
3^1 and 3"2 be the (unbounded) facets of JC that satisfy Ai = S^iCi 3~. Let Hi and H2 be the 
planes of generated by Hi and 3'2- Observe that since Hi n {2:3 = 0} and H2 n {X3 = 0} 
are nonparallel lines, we may assume after a change of coordinates that keeps invariant the 
plane {X3 = 0} that Hi := {xi = 0} and H2 := {x2 = 0}. Moreover, after a change of the 
type (xi,X2,X3) I— (ibxi, ±X2, ±^3) we may assume that JC C {xi > 0,X2 > 0, X3 < 0}. 
In particular, the direction of the intersection line £3 := Hi D H2 is the line £3 generated 
by the vector 63. Consider the projection 

7r3 : M^, (xi,X2,X3) 1-^ (xi,X2,0) 

onto -^3 := {x3 = 0} in the direction of £3. Let us see that there is an M > such that 
Xm '■= %U]—M, satisfies 713 (IKm) = 3<Cm n{x3 = 0} and then, by the Remarks in the 
Introduction, we deduce that % is in second trimming position with respecto to its facet 3"). 
Choose M > such that the vertices pi and p2 of % which are respectively the boundary 
points of Ai and yi2 are contained in ]— M, M[^. Note that Ai C {xi = 0, X2 > 0, X3 = 0} 
and yi2 C {xi > 0, X2 = 0, X3 = 0}. Since the convex polygon T of unbounded edges Ai 
and yi2 and vertices pi,P2 is contained in 3", we deduce that 



JU (]-M,M[2 X {0}) = {xi > 0,X2 > 0,X3 = 0}U (]-M,M[2 x {0}). 
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Thus, since JC C {xi > 0,X2 > 0, X3 < 0} we have 

{xi > 0,X2 > 0,X3 = 0} U (]-M,M[2 X {0}) C ir3{%U]-M, M[^) 
C TTsiixi > 0,X2 > 0,X3 < 0}) U (]-Af,M[2 X {0}) 

= {xi > 0,X2 > 0,X3 = 0} U (]-M,M[2 X {0}) 

and in this way 

TTsiXAl) = {Xi > 0, X2 > 0, X3 = 0} U ( ] - M, M[ 2 X {0}) 

= ?U (]-M,Af[2 X {0}) =XMn{x3 = 0}, 

as wanted. 

(ii) First, observe that if 3" is a bounded facet of "X, then 3~ is nonpar ahel to the 
unbounded edges of %. Otherwise, let H be the plane generated by 3~. Then, C H 

and so 

i{x) r\H = i{x nH) = i{3') = {0}, 

a contradiction. After a change of coordinates we may assume that % C {x^ < 0}, 
JC n {x3 = 0} is a face of JC and the unbounded edges of % are parallel to the vector 
63. Thus, JC is in FU-position with respect to the hyperplane 11 := {X3 = 0} (with 
orientation opposite to the usual one). By Corollary 1.8 (iii) and using that vf3(e3) = 0, 
we deduce that tt3{%) is a bounded convex polyhedron and so, if we choose M > such 
that 7r3(3<;) C]-M,M[3 n {x3 = 0}, we deduce that 

7r3(XU]-Af,M[3) =]-M,M[3 n{x3 = 0} = [XU]- M, M[^) n {x-^ = 0} 

and, as we have seen in the Remarks in the Introduction, we conclude that JC is in second 
trimming position with respect to its facet 3". □ 

4. Limitations of the trimming positions 

The purpose of this section is to provide examples of unbounded convex polyhedra 
which present difficulties in order to be placed in first or in second trimming position with 
respect to their facets. We start by defining a sectional projection: 

Definition 4.1. Let IK be a convex polyhedron in M", and H C a hyperplane. We say 
that 3Cr] H is a sectional projection of % if there exists a linear projection vr : M" — )• H 
with direction given by a line i (nonparallel to H) such that Tr{'X) = JCCi H. 

Our key result is the following: 

Theorem 4.2 (Convex polyhedra without sectional projections). For each n > 3 there 
is an n-dimensional bounded convex polyhedron % C M" wich does not have sectional 
projections. 

Corollary 4.3 (Counterexamples to the trimming positions). Let n > 4 and d := n — 1 

and let J" C M'^ 6e a bounded convex polyhedron without sectional projections. Define 
% := y X [0, +00 [ C M". Then % cannot be placed in first trimming position with respect 
to any of its facets. Moreover, % cannot be placed in second trimming position with respect 
to any of its unbounded facets. 

Proof. Denote 9" := 3C n {x„ = 0} = T x {0} which is a facet of % and I the direction of 
the unbounded edges of %. Suppose first that, after a change of coordinates, % is placed 
in first trimming position with respect to one of its facets. By Corollary 2.4 there is a 



COMPLEMENTS OF CONVEX POLYHEDRA AS POLYNOMIAL IMAGES OF 



23 



hyperplane 11 C M" such that: its direction 11 contains the hne in generated by e„, 11 
meets each unbounded edge of IK in a singleton, the vertices of % are contained in Int 11" 
and -Kn{OC nu) = X nun {xn = 0}. 

(4.3.1) Consider the projection p : — ^ M" in the direction of the hne i onto the 
hyperplane H generated by 3". Since 11 meets the unbounded edges of 3C in a singleton 
and all of them are parallel to the line i, we have that 11 is nonparallel to £; hence, 
g := p\u : n — )• 77 is an affine bijection. Moreover, since p{i) = {0} and by Remark 2.2, 
IPi := 3Cn n is the bounded convex polyhedron whose vertices are the intersections of the 
unbounded edges of % (all of them parallel to the line i) with the hyperplane 11, we deduce 
that p(J'i) is the bounded convex polyhedron whose vertices are the intersections of the 
unbounded edges of % with the plane H, that is, /j(J'i) = 3". Now, if we define r := g{in) 
and W := g{Il H {xn = 0}), then we have that the projection it := (g o Hn o g~^) : H ^ H 
in the direction of r onto the hyperplane W satisfies ■7r(3") = 3"n W, but this contradicts 
the fact that 7 has no sectional projections because 7 and 3" are affinely equivalent. Thus, 
% cannot be placed in first trimming position with respect to any of its facets. 

Suppose next that, after a change of coordinates, % can be placed in second trimming 
position with respect to one of its unbounded facets 3", that now is contained in the 
hyperplane {x„ = 0}. In particular, the unbounded edges of % are parallel to a line £ 
contained in the hyperplane {x„ = 0}, and so they are nonparallel to the line £n generated 
by e„. By Corollary 2.5, there is a hyperplane 11 C such that: its direction 11 contains 
the line in, the hyperplane 11 meets all the unbounded edges of % nonparallel to £n (that 
is, all the unbounded edges of %, because none of them is parallel to £n), the bounded 
edges of % are contained in the open half-space Intll" and 7r„(IKnn) = %r]Ilri{xn = 0}. 
Proceeding analogously to 4.3.1, we arrive at a contradiction. Thus, % cannot be placed 
in second trimming position with respect to any of its unbounded facets. □ 

4.1. Strategy. The following result will help us to show Theorem 4.2. 

Lemma 4.4. Let 3C C M" be a convex polyhedron of dimension n > 3 and let it : M" — )• M" 
be the projection in the direction of the line £ onto the hyperplane H. Let pi, . . . ,pi be the 
vertices of % contained in H and let Ai, . . . ,Ak be the edges of % parallel to £. Suppose 
that T := Tr{%) = XCi H and write {qj} = TT{Aj) for j = 1, . . . , k. Then the vertices of 7 
are qi, ■ ■ ■ ,qk o,nd pi, . . . ,pi. In particular, 

(i) If £ is parallel to none of the edges of%, then the vertices of 7 are pi, . . . ,p£. 

(ii) If JC has pairwise nonparallel edges, then 7 has at most £ + 1 vertices. 

The proof of the previous lemma requires some preparation: 

Lemma 4.5. Let % C M" be a convex polyhedron of dimension n > 3, let A be an edge of 
%, let £ be the line generated by A and let vr : M" — t- M" be the projection in the direction 
of the line £ onto the hyperplane H C M". Let E be a supporting hyperplane of % such 
that E r\% = A. Then E H is a supporting hyperplane of 7 := it{%) in H such that 
E n7 = H n£ is a vertex of 7. 

Proof. First, since dim3C = n, we deduce that 7 := Tr{'X) has dimension n — 1 > 2; 
moreover, since £ H, then Hr\£ = {p}. Thus, if we prove that Ef^7 = Hr\£,we deduce 
that EnH is a supporting hyperplane of 7 := 7r(3C) in H and that p is a vertex of 7. Indeed, 
since £cE,it holds -k{E) = E n H and E = tt-^{-k{E)); hence, ify G En7 = 7r{E) n 7 
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there is x £ % such that 7r(x) = y and so x E vr ^(y) C it ^{'it{E)) = E. This means that 
X £ Er\% = A and therefore y = irix) £ tt{A) = Hn£ = {p}. □ 

Lemma 4.6. Let % C M" be a convex polyhedron of dimension n > 3 and let it : — )• M" 
be the projection in the direction of the line £ onto the hyperplane H . Let pi, . . . ,pr be the 
vertices of % (if any) and let Ai, . . . ,Ak be the edges of % parallel to i (if any). Then 

(i) Tr{Ai), . . . ,TT{Ak) are vertices of 7 := it (JC). 

(ii) If p is a vertex of 7 such that p Tr{Ai) for i = 1, . . . ,k, and W is a supporting 
hyperplane of 7 in H with 7 CiW = {p}, then there is j = 1, . . . ,r such that 
ir{pj) = p. Moreover, the hyperplane Ii := pj + W + I is a supporting hyperplane 
of % such that Iir\% = {pj}. 

Proof. First, by Lemma 4.5, 7r(yii), . . . ,7r(yifc) provide vertices of CP := '/r(3C), and so (i) is 
proved. 

(ii) Let now p be one of the remaining vertices of CP (if any) and let be a supporting 
hyperplane of IP in such that VFnT = {p}. After a change of coordinates, we may assume 
that H := {x„ = 0}, i is the line generated by the vector e„, p := 0, W := {xn-i = 0}riH 
and CP C {x„_i >0}nH. 

Let n be the hyperplane generated by W and the line p + i, that is, II := {x„_i = 0}. 
Observe that 

X C vr"^(?) C ir-\{xn-i >0}nH) = {xn-i > 0} = n+. 

To show that II is a supporting hyperplane of % it is enough to check that II meets %. 
To that end, observe that if x G CK satisfies 7r(x) = p E W, then x G 7:~^(W) = II. 

Now, we have that £ := IK nil is a face of X satisfying p G 7r(£) = 7r(3<;nn) cTnW = 
{p}; hence, vr(£) = {p}. Thus, £ either has dimension or has dimension 1, being in this 
last case parallel to i. But since {p} is not the projection of an edge of X parallel to i, 
we deduce that dim£ = and so it is a vertex pj of X. This means that p = Tripj) and 
IK n n = {pj}, as wanted. □ 

Proof of Lemma 4.4. First, by Lemma 4.6, qi, . . . ,qk are vertices of X. On the other hand, 
observe that CP is a convex polyhedron of dimension n — 1 > 2. Let Ilj be a supporting 
hyperplane of X such that Ilj n CK = {pi}; since dim CP > 2 and pi G H, we deduce that 
Hi ^ H is nonparallel to H. Define Wi := Hi Ci H, which is a hyperplane of H; since 
Pi e H, then Wi = (Ui D H) D {X D H) = {pi} and so pi is a vertex of CP. 

Let now p be a vertex of CP different from qi, . . . ,qf^. Choose a hyperplane W of H such 
that W nT = {p}. By Lemma 4.6, there is a vertex g of X such that 7r{q) = p; moreover, 
the hyperplane H := q + W + i is a supporting hyperplane of X such that II n CK = {q}. 
Since 7 = X D H , then p G X and so the segment pq C X; moreover, such segment is 
contained in the line q + i CiL. Thus, pq C X CiH = {q}, that is, p = q is a vertex of X 
containded in H and so p = pi for some i = 1, . . . , i. 

Once this is proved, statements (i) and (ii) are straightforward. □ 

4.2. Spherical polyhedra. An n-dimensional convex polyhedron X C is called spher- 
ical if it is the convex hull of a finite subset 5 := {pi, ■ ■ ■ ,Pr} (r > ri + 1) oi the unitary 
sphere §"~^ := {xf + • • • + x^ = 1} centered at the origin. Since the tangent hyperplane 
to at the point pi meets X just in the point pi, the points pi are vertices of X. 

Conversely, the set of vertices of the convex hull X of the finite set ^ is contained in ^J; 
hence, the set of vertices of X coincides with ^. Moreover, since the sphere S""^ is convex, 
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JC C S"~^ and since JC is n-dimensional, the set 5 contains n + 1 points that are affinely 
independent. The spherical polyhedron % is generic if each subset of n + 1 vertices of 
% is affinely independent. Note that then each subset of j < n + 1 vertices of a generic 
spherical polyhedron is affinely independent and, if n > 3, % does not have two parallel 
edges, because otherwise % would have 4 < n + 1 coplanar points and they would be 
affinely dependent. 

Lemma 4.7. Let %' he the spherical polyhedron whose set of vertices is ^' := {p'l, . . . 
and let < e < 1. Then there is a generic spherical polyhedron JC whose set of vertices is 
5 := {pi, ■ ■ ■ ,Pk} such that pi £ 'S>n{Pi, s) for each i = 1, . . . ,k. 



Proof. Consider the pure dimensional irreducible real algebraic variety 

T := S"-i X X S"-i c 



5n— 1 . , . , sn— 1 ^ TTjn . , .. mn — mkn 



For each spherical polyhedron DC C with vertices {qi, . . . ,qk}, we associate (uniquely 
up to the order of the vertices) the point q := {qi, . . . , qk) G T; obviously, not all the points 
of T define spherical polyhedra because we require from them to be n-dimensional and to 
have distinct vertices. Define on T the metric 



diq,q') = yT.i=id'^iQi^Q'i)' 9 '■= (QI: ■ ■ ■ :Qk),q' ■= {q'l, ■ ■ ■ , q'k) e T. 

In particular, if d{q,q') < e, then d{qi,q'j) < e ior i = 1, . . . ,k. Let us show that the 
set G of all points of T corresponding to generic spheric polyhedra is dense in T. Since 
T is irreducible and pure dimensional, it is enough to check that Z := T \ G is a proper 
algebraic subset of G. Note that Z is the set of points q := {qi, . . . , q^) G T such that there 
is a subset of n + 1 points affinely dependent. Write x := (xi, . . . , x^), Xj := (x^i, . . . , Xj„) 
and for each set / := {zi, . . . , in+i} C {1, . . . , /c} consider the polynomial 



F/(x) := det 



Clearly, the points qii,---,qi„ are affinely dependent if and only if Fi{q) = and so 
Z = {Y\j Fi{x) = 0} n T is an algebraic set. Moreover, such subset is proper because G 
is nonempty. In fact, to construct a point q of G, we can start by choosing n + 1 affinely 
independent points of adding successively new points of S"~^ (until we reach k) in 

such a way that, once we have chosen {gi, . . . ,qr} with r > n + 1, we pick q^^i G 
not belonging to any of the hyperplanes generated by subsets of n points of {qi, . . . , qr}. 

Finally, the ball 23„fc(p',e) contains points of G, and sop := (pi, . . . ,pk) G Gn25„fc(p',e) 
provides a generic spherical polyhedron % whose vertices pi G S„(p^,e). □ 

Lemma 4.8. For each < r < 1 there is a generic spherical polyhedron !K C M" such 
that !B„(0,r) C %. 



Proof. Denote e' := ^ y^2(1 — r) and consider the open covering \^'Bn{p',s') : p' G ^} 
of the sphere S""-*^. Since S""-*^ is compact, we can extract a finite subcovering {^^(p^, e') : 
1 < i < k}. By Lemma 4.7 there are points pi, . . . ,pk G S"^"'^ such that d{pi,p'j) < e' for 
i = 1, . . . ,k and whose convex hull is a generic spherical polyhedron. 

Next, write e := 2e' and observe that {!B„(pi,e) : i = 1, . . . , /c} is an open covering 
of because !B„(p^,e') C 'Bn{pi,£). We claim that if 3" is an arbitrary facet of the 
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polyhedron % and H is the hyperplane generated by 3", then 

Indeed, suppose by way of contradiction d{0, H) = d < r. We may assume H := {xi = d} 
and %(ZH+ := {xi < d}. Let q := (1,0, . . . ,0) G S""^ and let pi = {pa, . . . ,pin) G S""^ 
be a vertex of %; it holds that Yl^=iPij — 1 ^^"^ Pii — Thus, 

d{p^,q) = ^ {Pii -iy+pl + ---+ pI = x/2(l -P^l)> ^2(1 - r) = 

But then (7 23„(pj,e) for i = 1, . . . ,k, a contradiction. We conclude that (i(0, -ff) > r. 

Now, since OC = fXi=iH^, where each is the half-space of M" that contains JC 
and whose boundary Hi contains a facet of %, and moreover 'B„(0,r) C for each 
i = 1, . . . , r, we deduce that S„(0, r) C X. □ 

Lemma 4.9. Let m > n be a positive integer. Then there is r > such that if % G 
is a convex polyhedron with 23„(0,r) C % C 53^(0,1), it holds that X has more than m 
vertices. 

Proof. First, let e > and r := 1 — e and pick two points pi,P2 G 23„(0, 1) \ 23„(0, 1 — e) 
such that the line £ passing through pi and p2 does not intersect S„(0, r). We claim that 
d{pi,P2) < 2V2e-e2. 

Indeed, let go G ^ be the closest point of £ to the origin and let qi, q2 be the intersection 
points of £ with S""^. Clearly, d{pi,p2) < d{qi, (72) and the line passing through and qo 
is perpendicular to £. In fact, 

l = d{0,qif = d{0,qof + d{qo,qif>{l-ef + d{qo,qif =^ d{qo,qi) < V2e-e^. 

Thus, d{pi,p2) < d{qi,q2) = 2d{qo,qi) = 2\/2e — e"^, as claimed. 

Let now 0<e<l/4be such that 2(m — l)V2e — < 1/4 and r := 1 — e. Suppose, by 
way of contradiction that there is a convex polyhedron 3<C C M" with at most m vertices 
such that 'B„(0,r) C 3C C 2^(0, 1). After an orthogonal change of coordinates, we may 
assume that one of the vertices of IK is (0, ... , 0, i) for some r < t < 1. Let A be an edge of 
% and let £ be the line generated by A. Since A C we have that £nS„(0, r) = and as 
we have proved above the length of ^1 is smaller than 2-v/2e — e^. Thus, since % has at most 
m vertices, the distance between two vertices of 3C is at most 2(m — l)\/2e — < 1/4; 
hence, since one of the vertices of % is (0, ...,0, t) and t > 3/4, we deduce that all 
the vertices of % (and so %) are contained in the half-ball !B„(0,1) H {x^ > 0}, which 
contradicts the fact that 23„(0,r) C IK. □ 

4.3. Proof of Theorem 4.2. Let r be the positive integer of Lemma 4.9 for m := n + 1 

and let % C M" be a generic spherical polyhedron such that 23„(0, r) C IK (see Lemma 4.8). 
Consider the projection vr : M" — )• WP" in the direction of the line £ onto the hyperplane 
H and denote IP := 7r(IK). Let K' be the hyperplane perpendicular to £ that contains the 
origin. After an orthogonal change of coordinates, we may assume that £ is generated by 
the vector := (0, . . . , 0, 1), and H' := {x„ = 0}. Let 

tt' : H', X := (xi, . . . , Xn-i,Xn) (x', 0) := (xi, . . . , Xn-i, 0) 

be the projection onto H' in the direction of i and denote 

IP':=7r(IK), := {x' G M"~^ : (x',0)gT'}. 



COMPLEMENTS OF CONVEX POLYHEDRA AS POLYNOMIAL IMAGES OF 



27 



Notice that Tr'^^T) := T'q x M and ^ := 7r{%) = (^'q xR)nH. Thus, V can be considered 
as the graph of an affine function over T'q; hence, it is afiinely equivalent to Tq. Moreover, 
we have 7r(S„(0,s)) = S„_i(0,s) x {0} for each s > 0. 

Suppose now that JCDH = CP. Since 3C is a generic spherical polyhedron, each hyperplane 
of R"" contains at most n vertices of % and % has nonparallel edges. Thus, by Lemma 4.4 
(ii), the polyhedron y = % f] H has at most n + 1 vertices. 

On the other hand, the convex polyhedron !Pg satisfies !B„_i(0, r) C CP' C S„_i(0, 1) 
and, by Lemma 4.9, it has at least n + 2 vertices. But this is against the fact that CP and 
CPq are affinely equivalent; we conclude that % has no sectional projections. □ 
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